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2
)
SET IN T H E MARK O WI TZ POR TF OLIO S E LE CT I ON M ETHO D
1 In tro duc ti on
The sta ndard p ortfoli o sel ecti o n problem with li near cons train ts m a y b e form ul at e da s
f oll o ws . A ni n v e s tor w an ts to i n v e s t an am ou n t o f o ne un i ti n the sec uriti es 1 ; ...;n .I f
he in v e st s a n a m oun t x
j
i ns e curit y j (j =1 ; ...;n ) the x
j
sho ul d satisfy the conditi on s
A X = B; (1.1)
X ￿O (1.2)













= 1 : (1.3)







co v ariance m atri x of the random v ariable s r
j
i s C . The y e ar l yr eturn r (X ) on a p ortfo l io














; .. . ;￿
n
), the exp ecte dy early re turn E r (X ) equals M
0
X and wil lb e




the v ariance ￿
2
(r (X )) equals X
0







C X : (1.6)3
F or equiv ale n tf o r m ul at i o ns o f the conditi o ns (1. 1 ), (1.2) c f. H .M. Mark o witz (198 7) p .
24 -27 , for no nl inear cons trai n ts J. K riens a nd J.Th. v a n Lieshou t (19 88).
A fe a sibl e p ortfoli o
￿









X = B ^
￿










X ) ^ A
￿
X = B ^
￿
X ￿ O g : (1.8)









X = B ^
￿
X ￿ O g (1.9)
for all ￿ ￿ 0; cf. H .M. M ar k o witz (19 59) p. 31 5-3 16, or fo r a prec ise a nd m ore g e ne ra l
sta te m en t of the theorem u nde rlyi ng the algorithm J. Kri ens and J.Th. v a n Lie s hout











; .. . ;v
n
) as Lag rang e m ulti pli ers of (1. 1) an d ( 1. 2) ,
resp ecti v e ly , the Kuhn -T uc k e rc o ndi tions of ( 1. 9 ) run
￿2C X ￿A
0
U + V = ￿ ￿M (1 . 10 )
A X = B (1 . 11 )
V
0
X =0 ;X ￿O ;V ￿O ;U fre e: (1 . 12 )
Lo o sel y s p eaki ng w ec a n describ e a n a l g orithm to solv e thi s system for all ￿ ￿ 0 as fol-
lo ws. Sta rt with c ho os i ng ￿ =0 , t h us with d e term ining the m ini m u m p o ssibl ev ariance,4
and ne xt raise ￿ to g e t (new) e￿ cie n t p o rtfoli os . F or sp e ci￿c v al ues o f ￿ there is a c h ange




















































p o i n ts i n the (￿; ￿
2
)-plane corresp onding to e￿c ien t p ortfo l ios
￿
X is the s e to f e ￿cie nt
(￿ ￿; ￿ ￿
2
) com bi na ti ons of the pro bl em ,o r the e￿ cie n t frontie r.
This las t set sa ti s￿es the f ol lo wing prop ertie s:
a. b et w e en t he ( ￿ ￿; ￿ ￿
2













i s part of a stric tly c on v ex parab ola;











￿ (1 . 13 )
holds; it i s stric tly i ncreasing as a function o f ￿;
c.i n the ( ￿ ￿; ￿ ￿
2




























: (1 . 14 )
F rom b i tf ol lo ws th at on tho se segm e n ts th e re i s a o ne to one corresp o ndenc eb e t w e en
the v al ues of
￿















im pli es di￿ere n tiabil it y of the (￿; ￿
2
) curv e. F or pro ofs cf .H .M. M ar k o witz (1 987 ), p .
17 6 a nd J. Krie ns and J. Th . v an Lie s hout (1 988 ).
Sec tion 2 of this pap e rc on ta i n sam ore prec ise discussion of the algorithm to so l v e
(1.10 ), ... ,(1.12 ) for ev ery ￿ ￿ 0, se cti o n 4 nece s sary and su￿c ie n t conditi o ns for the
eq ua l it y sign i n (1.14 ). In pre pa ration for the second topic w e presen t a sli gh tl y a dapted








X ) a s deri v e db yJ .K riens a nd J.TH.
v an Lie s hout ( 1 98 8) in secti on 3 .
Sec tion 5 com pares wi th other l iterature and sec tion 6 considers the sta ndard p ortfo l io
case supplie d with one riskl ess a sset. Throug hout the who l e pap e rw e ass um e C p o siti v e
de￿nit e.5
2 The alg orithm
In o rde rt op r e se n ta m ore p r eci se d i sc us si on of t h e al g orithm w e ￿rst pro v e the fo l lo wing
le m m a.
Le m m a2 . 1








2) the r ea r en ol i nea r re lations b et w een the returns r
j
,


















































































































) f ( ￿ ) :



































)) are situated o n a s trai gh tl ine,
















































































































= 0a n dr
i




) = 0 , whic h





6 =0 ; 8













= 0 , whi c h con tradicts cond i tion
2);
d ) More than t w o a
i









)) 6= 1 and the l em m ai s pro v ed.
Re m ark 2.1. F ro m the pro o f it fo l lo ws that conditi o ns 1) and 2) are also nec ess ary .
Moreo v er the conditi o ns 1 ) and 2) h ol di ￿C i s po si tiv e de￿ni te.









uniq ue ly dete rm i ne d. H o w ev er, there are not alw a y sa sm an yd i ￿ ere n t corner p ortfolios
as there are di ￿e ren t ba ses du ri ng the com puta ti on s; di￿eren t bases m a yy i el d the sa m e




m a y yi el d th e sa m e p o rtfoli o. I n this resp ect the
nota ti o n in secti on 1 i sm isle ad i ng .
Starting the a l g ori th m wit h ￿ = 0 and next raising ￿, the a l g ori th m pro duc es a seri es
of ba ses. B a ses whic hh o l d for just o ne v al ue of ￿ a re dro pp ed so that only bases
corresp o nding to nond e ge nerate ￿ -in terv als a re l eft.
























for a l l
￿




wi ll b e com puted e xpli c-
itl y .S o i f C i s pos i tiv e de￿nite the whole e￿ ci en t fron tie ri s uni quel yd e term ined.7
With co r ne r p o rtfoli os there c o rre sp ond a t le as t t w ov e ctors D
i
, the v e ctor corresp onding
to the "old" ba si s a nd the v e ctor corresp onding to the "new" ba si s . But the re m ay b e
m ore a sso ci at e dv ectors D
i
,e i ther b ec a use there exi s t sa ne quiv ale n t bas i s for the " old"






,or b e caus e the seri es of
v ectors D
i






is pro duce d for di ￿e ren tv alues o f ￿. If the " ne w " ba sis is uniquel y determ ined, the n for
e￿ cie n t p o rtf ol ios w hi c h are n ot c o rner p ortfo l ios the v ec to r D
i
is uni quely determ ine d.8
3 Ex plicit exp ress ions f or e￿c ien t p o rtfolios
Starting from the Kuhn-T uc k er c o ndi tions fo r the s oluti on of ( 1. 9), J. Kri ens and J.TH.
v an Lie sh out (19 88 ) de riv e an expression for the ba si cv ariables whic h, i f C is p o siti v e
de￿nit e, ho l ds for ev ery e ￿ci en t p o rtfol io. W e presen t the ir results in a sl igh tly a dapted
form .
F or a ￿xed v alue
￿
￿ of ￿ (1.10 ) , ... , ( 1 . 1 2) run
￿2C X ￿A
0
U + V = ￿
￿
￿ M (3.1)
AX = B (3.2)
V
0
X = 0;X ￿O ;V ￿O ;U fre e: (3.3)








































































O O O B
(3.6)9
The m atrix ￿2C is pa rti tioned in to the s q ua re m atrice s ￿ 2 C
b
1

























also c o rre spon d t o b as i c a n d non- basic v ar i ab l es re spe c tiv ely . T he m atri x


















































































































































































































































































































= A + D
￿























































: ( 3. 14 )












































(3 . 16 )
(note tha t the co e￿c ien to f
￿
￿eq ua l s 0).











:D 6=0 : (3 . 17 )
T o pro v e thi s Kri ens and v an Lieshout study p roble m( 1 . 7 ) with AX ￿ B .W i th ob vi ou s
ada ptations i nt h e n otation, the Kuhn- T uc k e r cond i tions of this prob l em are i n our case
￿2C X ￿A
0
U +M￿ + V = O (3 . 18 )










: ￿ =0 ;X ￿O ;V ￿O ;y
m + 1








is a ssum ed to b e li near i ndep e nden to fB
v
, the v ect or Z
b
(3.5) com ple ted
with ￿ , fo rm sab a s i c soluti on of ( 3. 18 ), ... , (3 . 21 ). Reorderi ng in the sam ew a ya si n (3.8)






































): (3 . 24 )





, (3.17 ) can b e pro v ed.







li near i ndep enden t of the ba si s (3.7) is incor-
rec tly suppressed b yJ .K r i ens a nd J.TH. v a n Lieshou t (198 8). J. Kriens (19 89 ) pro vi des
ac ou n te r exam ple .12
4 N eces sary and s u￿c ien t conditions fo r di￿eren-
tiabil it y of the e￿cie n t f ron tier
















) . F urtherm ore w eo n l y discuss
non de ge ne ra te m o del s.
Con di tion 1.





)i ￿o n e v alue
￿
￿
corresp o nds to it.
Pro of.
F oll o w s dire ctl y fro m (1.13) and (1 . 1 4).
Con di tion 2.









- v ec to r c a n b e re-
presen ted b y( 2 . 1) wi th D = O .
Pro of.









) f o r m o r e
than one v al ue o f
￿
￿.




















) an d so di ￿e ren t p oin ts ( ￿ ￿; ￿ ￿
2
), c f. le m m a
2.1.
Con di tion 3.









-v ec tor c an be r e -











: D 6=0 .
! if
￿








)m us t c ha nge (le m m a2 . 1), so M
0
b
:D 6= 0 (cf.
(3.15 )).
  triv ial.13
Con di tion 4.










e x i s t s .
P ro of.











:D 6= 0 .
! see J. Kri ens a nd J.TH. v an L i esho ut (19 88 ) p. 1 90- 191 .
  if M
0
b














Con di tion 5.












i sl ine ar i nd e pe nd e n to ft h e
v e c t o r s o f B
v
.















5 Re lati on s with statem en ts on di￿eren tiabilit yi n
the literature
The theorem s tated b yJ . V ￿ or￿ os (198 7) an d J. Krie n s (19 89) a re eas i ly c hec k ed thro ugh











































Theore m5 . 1
If in the in v estm e n t p roble m s ub j ect to (1.2) and (1.3), C po s i tiv e de￿nite , a corner p ort-




) has k (￿ 1)x-v ar i ab l es in th e basis, then the set of e￿c ie n t
( ￿ ￿; ￿ ￿
2
) p oin tsi s no ndi￿ere n tiable in the co rr esp onding ( ￿ ￿; ￿ ￿
2
) poi n t i f a nd only if the re





=( ￿ x ; ...; ￿ x
k
) with 8







W e disti ng uish b e t w e en k = 1 and k> 1.
Su￿ci ent.
k = 1 . S u ppo se ￿ x
i













). Substituti on o f
























































So D = O and fro m c o ndi tion 2 no ndi ￿ ere n ti a bil it yf o l lo ws.

















































































































































































= ... = ￿
k
, then D = O and co ndi tion 2 le a ds a ga i n to no ndi ￿e ren ti ab i li t y .
Ne cessary .
k =1 . T rivi al .
k> 1. I f there is no ndi ￿e ren ti ab i lit y then the re ex ists a re pr e sen tation with D = O .F or




























































































































































so nond i ￿e ren ti ab i li t yi m pli es ￿
1
= ... = ￿
k
.
Re m ark 5.1
In the c a se o f constra i n t (1.1) i nstead o f (1.3), X
b
c a nnot con tain o nl y one x-v ar i ab l ei f16
(1.1) c on ta i ns t w oo rm or e i ndep enden t constra i n ts.
Re m ark 5.2
Theorem 5.1 c om bines the theorem s5 . 1 and 5.2 i nJ . K riens (1 989 ) a nd g e nerali zes the
case k > 1 tos i tua ti on s i n whic h the basis c on ta i ns x-v ar iab l es w i th v alue 0. T he the o-
rem al so ge ne ra l iz es t he or e m2 b yJ . V ￿ or￿ o s (1 987 ).
Re m ark 5.3
The theorem can li k ewi s e b e pro v ed b y dire ctly apply ing c o nditi on 5 fro m sec tion 4.17
6 The s tandard p ortf olio s elec ti on pro b lem w ith
one risk les s asse t.
The stan dard p o rtfoli os e lec tion prob l em w i th conditi o ns (1.2) an d (1 . 3) c a n also b e


















X = ￿; (6.4)
using ￿ a s a para m eter; the o pti m al so l ution i s denoted as
￿
X (￿ ).







+ y =1 (6.5)
M
0
X + iy =￿; (6.6)
where y i s the sha re of c ap i ta l in v ested in the riskl ess ass e t and i i s the rate o f i n tere st ;
w e all o w y t o b e po si tiv e, 0 o r negativ e.
W e can eas i ly sta te that for ￿ = i the o pti m al soluti on r un s ￿ y =1 ;
￿























; .. . ;x
n
) the set of non -bas i c x -v ariable s . Denote the La gran ge m ulti pli ers
of (6.5) and (6.6) b y u
1


















with n el em en ts. The
























￿ ￿ O (6.8)
￿u
1













+ i y = ￿ : (6 . 11 )























: (6 . 12 )














(6 . 13 )




























e￿ = ￿ ￿ i y: (6 . 15 )
Le m m a6 . 1
The expre ss i on fi
2
￿ 2 di + e is a l w a ys p ositi v e , exc ept in the cas e 8



























i 2 f 1 ; . ..; k g
￿
i
= i (cf. also J.
V￿ or￿ os (19 87)).
As 8
i2f 1;.. .;k g
￿
i
= i im pl ie s ￿ = i, th e case w ee x cl ud e d, fi
2
￿ 2 d i + e i s a l w a y s > 0 in our
m o del.
Le m m a6 . 2
F o r a g i v e n s e to fb a s i cx -v ariable s X
b
the p roble m (6. 1 ), (6.2), (6. 5) , ( 6. 6) has a uniq ue
so l ution.
Pro of
Eli m i n ati ng y from (6 . 1 4), (6.15) and u si ng (6.9) w e￿ n d
￿ =
2 ( ￿ ￿ i )
fi
2
￿ 2 di + e








￿ 2 di + e
: (6 . 17 )
F rom these eq ua ti o ns a nd (6 . 12 ) it foll o w s that the soluti o n is unique.
In the re m ainder of this s e cti on w ee xploit the w e ll -k nown prop ert y that i n the (￿; ￿ )-
plane the e .f. o f the m o del (6 . 1 ), (6.2), (6.5), (6 . 6) i s a stra i gh tl i ne thro ugh the p o i n t
￿ = i; ￿ = 0 whic ht o u c hes the e.f. of the risky ass e ts of the m od e l (6.1),. .., (6.4) i f this
e. f. i sd i ￿e ren ti ab l e (cf. e.g. Th. E. Co p e land and J. F. W eston (198 8) p . 17 9-1 80 ). This
prop ert yi m pli es that w e can ￿n d th e e. f. of the ri sky ass e ts b y usi ng i a s a para m eter:
with ev ery v alue of i ther e corresp onds one p o i n t o f the e .f. of risky assets a nd so one20
set of ba si cv ar iab l es X
b
. F orm ul ae (6 . 12 ) and (6 . 8 ) pro v ide a sim pl e pro c edure for
deri ving th e c o rne r por t fo l ios of the ri sky a ssets. There fo re w e rewrite (6.12 ) and (6.8)




































) ￿O : (6 . 19 )
T h e al go r i t hm r u ns a s foll o ws .
Step 1: Dete rm i ne m ax f ￿
j





Step 2: Fi nd the sm al lest v alue of i f o r whic h (6. 1 8) a nd (6 . 19 ) h ol d.







giv es th e s m al lest i,o r i n v e rs e ly .R e pe a t step 2 .






































































































The e xpressions (6. 7 ) (or (6.12)) a nd (6. 8 ) are a sp eci a l form of the equations (3 . 1) .
Raising the v alue
￿
￿ of ￿ f ro m 0 to the l a rgest rele v an tv alue in the s tanda rd a l g ori thm




fro m the largest rele v an tv alue to ￿1 i n the a l g ori thm
just p re sen ted. B oth algo ri thm s pro duce ex ac tly the sa m es t eps, a l be it in a re v e rs e o rder.
The m o del o f this secti on g i v e s us th e opp ortunit y to presen t a nother pro of of the or e m
5.1.21
Another pro of of the orem 5.1.
If the e. f. of the ri sky ass e ts is non di ￿e ren ti ab l ei nap o i n t P there are d i ￿e ren ti n te rest
rates i fro m w he re w e can dra w subg radie n ts t o P .F o r thi si n terv al of v al ues i the return














e ￿ = ￿ (6 . 20 )
with ￿ the exp ec ted return of the c o rre sp onding p o rtfoli o. W e su bsti tute ( 6. 1 6) and
(6.17 ) for ￿ an d u
1
t o ￿ nd
( d ￿ f￿ ) i ￿ ( e ￿ d￿)=0 : (6 . 21 )
T h i s c a n hold for the whole i n terv al of i -v al ue si ￿
d ￿ f ￿ = 0a n d e ￿ d￿ =0 (6 . 22 )
from whic h foll o ws
f￿
2
￿ 2 d￿ + e =0 (6 . 23 )





















w e ￿nd wi th (5.2), (5.3), (6.13 )
e = ￿
2
f and d = ￿f (6 . 24 )














: (6 . 25 )












; (6 . 26 )
whic hi si ndep enden to f i , so subg radie n ts c an be d r a w n to a w hole i n te rv al o f i -v al ues.22
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